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Abstract We study the interesting problem of interac-
tion and identification of the hadronic molecules which
seem to be deuteron-like structure. In particular, we
propose a binding mechanism in which One Boson Ex-
change Potential plus Yukawa screen-like potential is
applied in their relative s-wave state. We propose the
dipole-like interaction between two color neutral states
to form a hadronic molecule. For the identification of
the hadronic molecules, the Weinberg’s compositeness
theorem is used to distinguish the molecule from con-
fined (elementary) state. The present formalism predict
some di-hadronic molecular states, involving quarks (s,
c, b or s, c, b) as a constituents, namely, pn, KK,
ρρ, K∗K∗, DD∗(DD∗), D∗D∗, BB∗, B∗B∗, D∗±D0
1
,
D0K±, D∗0K±, with their possible quantum numbers.
1 Introduction
From few decades, tremendous efforts have been made
for search of the hadronic molecules on both the theo-
retical and experimental forefront. However, apart from
deuteron, we are still waiting for another strong molecu-
lar candidates, which are expected in the fundamental
theory(QCD). In the last few years, there have been
several experimental discoveries of manifestly narrow
exotic resonances X(3872) [1], Z(4430)+ [2],Y(4260) [3],
Zb(10610)/(10650) [4], Pc(4450) [5] and many more.
The various theoretical model have been proposed
to explain these exotic states, such as, hadronic molecule
[6,7,8,9,10], conventional quarkqonia [11,12,13,14], com-
pact tetra-quark and pentaquark [15,16], cups like effects[17].
Indeed, these efforts have been made with various the-
oretical approaches like effective field theory [18,19,20,
21], QCD sum rule [22,23,24], lattice QCD [25,26,27,
ae-mail: dharmeshphy@gmail.com
28], gauge invariant model [29], potential model [30,
31,32,33,34,35,36,37,38]. One can find brief review on
subject in Refs. [6,16,39,40,41,42]
The present article focused on the hadronic molec-
ular model. We have studied hadronic molecules within
the potential model framework. There are two prereq-
uisites for the study molecular model (i) interaction
between two color neutral hadron, through which two
hadrons can formed hadronic molecule (ii) the identifi-
cation of the molecular state from others.
In 1991, To¨rnqvist [43] proposed the deuteron-like
loosely bound mesonic molecules meditated by One Pion
Exchange (OPE). Ericson and Karl [44] questioned on
the strength of the OPE potential and put forward
a reasonable argument that the critically minimal re-
duced mass is required for the formation of the molecule.
Indeed, it was also noted that the OPE potential alone
could not gain sufficient attractive depth for the molec-
ular binding [43,45,44,40,16]. The OPE potential de-
scribe the long range interaction while short range in-
teraction still being unexplained. In Ref. [40,46], au-
thors have assumed the interaction between mesonic
molecule as an instantaneous confining interaction and
a short range spin-dependent interaction motivated by
one gluon exchange. But, from this quark level interac-
tion, one could not distinguished the difference between
molecular and compact tetraquark states. Certainly, in
the phenomenological study of molecular model, one re-
quired a reliable molecular interaction potential to get
shallow bound state which also give the clue for the dy-
namics of decays. In Ref. [16] authors have discussed the
open problem with molecular model and suggested di-
quark-di-anitquark interaction for explanation of these
XYZ state.
Therefor, the subject of the molecular model is re-
quired more efforts from both theoretical and experi-
2mental point of view. Following the motivation of molec-
ular model and interaction potential, as well as, to scan-
ning the internal structure of these resonances and look-
ing towards the molecular interpretation, we need to
know both the two prerequisite discussed above. Henece,
in the present paper, both these two prerequisites are
attempted.
Inter-hadronic interaction
Deuteron as a bound state of the proton and neutron
has been extensively studied state, and it has well es-
tablished status [47,48,49,50]. Therefor, it is preferable
to take deuteron as a model for the study and pre-
dictions of other deuteron-like hadronic molecules. For
such bound state, there are two question arises- (a) how
two hadrons are forming bound state? and (b) why two
color neutral hadrons attract each others? According
to definition of the molecule, a sufficient attractive po-
tential strength has needed to get a bound state and
this strength could parameterized by an effective cou-
pling constant. Indeed, in the relation to the first ques-
tion, ‘how’- various realistic potentials like full-Bonn
(CD-Bonn), Nijmegen-Group of, Paris-Group of poten-
tial etc.. have been developed (see Ref.[49] for review).
The exchange of particles has basis for all these real-
istic potentials and to be known as a One Boson Ex-
change (OBE) potential; exploring the initial idea of
Yukawa’s pion exchange interaction to explain the nu-
clear force. In the OBE, long, mid and short distance
interaction have been introduced through exchange of
mesons where the range of the force depend on the mass
of the exchange mesons. To give a precise answer for
the second question that why two color neutral hadron
makes bound system being difficult. Because, it requires
very elegant knowledge of fundamental interaction at
very short distance where the OBE has limitation to
explain such interaction.
In this paper, we propose the dipole-dipole like in-
teraction between two color neutral hadrons, which could
be either permanent dipole or induced dipole in which
the latter one is weakest. The uneven color charge field
distribution between two hadrons creates a dipole ef-
fect while in other case the color charge field of two
hadron get influence to each other and leads to tempo-
rary dipole. On such proposal we would note two points
(i) the strongly increasing strength of the interaction
leads two hadronic states to bare confining state (ii)
the attraction and repulsion is depending on respective
aliment of the dipoles in spin-isospin space.
For the calculation of the s-wave mass spectra of
deuteron-like di-hadronic systems, we have used the
s-wave OBE potential plus Yukawa screen-like poten-
tial, where Yukawa screen-like potential represent the
dipole-like interaction. Thus, the condition for the exis-
tence of the molecular system are: (i) the kinetic energy
of the system must be less i.e. the hadrons should be
heavy enough to get bound state (ii) the two hadron
should carry lowest orbital angular momentum (l=0)
(iii) molecular state should be loosely bound (i.e. be-
low threshold) and narrow. Here, we emphasize that
the s-wave OBE plus screen type potential could ap-
ply, in principle, for binding mechanism between two
hadrons.
Compositeness theorem
As we mention that the second prerequisite or challenge
for the hadronic molecular model is the identification
of the molecular state from the bare elementary state.
Thus, to attempt this prerequisite, we used the Wein-
berg’s compositeness theorem [51].
In the Sixties, Weinberg [51] suggested in a sophisti-
cated way that the deuteron were a composite particle.
In his novel work, he tried to show an elegant model-
independent way to identify whether a particle is in
a bare elementary state or in a composite state. The
conclusion was based on a generalization of Levinson’s
theorem which gives the formulas for scattering length
as and effective range re in terms of Z, where Z is the
“field renormalization” constant [51],
as = [2(1− Z)/(2− Z)]R+O(1/β)
re = [−Z/(1− Z)]R +O(1/β) (1)
where R ≡ 1/√2µǫ, ǫ is the binding energy and µ is
the reduced mass of the composite system. The O(1/β)
is the range of the force and could be calculated if one
know the information of the interaction. In order to de-
termine the state of the particle as in a bare elementary
or in a composite state, he argued that the renormaliza-
tion constant Z takes the value 0 ≤ Z ≤ 1. If Z=0 then
the particle is in a pure composite state, while for Z=1
it becomes a purely elementary. This argument have
previously discussed by other authors [52,53] and fol-
lowed by Weinberg[51]. For the case Z=0 (the deuteron
as a composite particle) the Eq(1) becomes as = R and
re = O(1/β) which is in agreement with the experimen-
tal vales : as = +5.41 fm, re = +1.75 fm.
In addition, he were made remarked for such inves-
tigation as[51]; (i) the composite particle must couple
to a two-particle channel with threshold not too much
above the composite particle mass (ii) composite par-
ticle must be in a s-wave (l=0)(iii) composite particle
must be stable. In the case of deuteron all these three
3conditions are all most satisfied. Deuteron followed the
third condition very well due to the lightest baryons
in its internal substructure which preserves the stabil-
ity of the deuteron. Whereas, it is not possible in all
other deuteron-like cases. Usually in other cases, one
could get (i) and (ii) satisfied. V. Baru et. al. [54] have
applied this formalism to study the state a0(980) and
f0(980) in the light meson sector. Recently, Xian-Wei
Kang and J. A. Oller [55] have extended and advance
this theorem to analyze X(3872) and introduce a near-
threshold parameterization.
The aim of the present study is to take an attention
on some interesting possibilities for molecular (deuteron-
like) structure with proposed interaction and identifica-
tion with observables. Hence, we approximate the inter-
action potential as discussed and used the Weinberg’s
[51] approach in order to determine a composite state
from a bare state.
In the present paper, we have fitted the potential pa-
rameters to get the deuteron binding energy and used
same for rest of the calculation. In such a way, we
have fixed the model for di-hadronic calculation. We
have noticed that the s-wave OBE potential could not
get sufficient attractive strength to get bound state,
not even in attractive spin-isospin channels, therefor,
the screen Yukawa-like potential is being used for ad-
ditional attractive strength. The mass spectra of di-
hadronic (di-mesonic, meson-baryon and di-baryonic)
states are calculated by using proposed interaction. In
this article, the mass spectra of the di-mesonic states
are presented. The mass spectra of meson-baryon and
di-baryon molecules along with detail analysis of me-
son exchange interaction potential will presented in the
separate publication.
The article is organized as follows: after the brief
introduction, the effective interhadronic potential and
theoretical framework are discussed in section-2. The
results are presented and discussed in the section-3 and
finally summary and conclusion of the work are pre-
sented in the last section of the article.
2 Effective Potential (OBE+Yukwa-like Screen)
Let us describe the interaction potential in terms of the
s-wave One Boson Exchange (OBE) potential and phe-
nomenological attractive screen Yukawa-like potential.
The light mesons under consideration for the OBE
Potential are as follows [47,48]: Pseudoscalar meson
(ps) = π, η ; Scalar meson (s) = σ, δ and Vector meson
(v) = ω, ρ. The OBE potential is the sum of the all one
meson exchange, namely
VOBE = Vps + Vs + Vv (2)
where the individual s-wave one meson exchange inter-
action potential expressed as [47]
Vps =
1
12
[
g2piqq
4π
(mpi
m
)2 e−mpirij
rij
(τi · τj) +
g2ηqq
4π
(mη
m
)2 e−mηrij
rij
]
(σi · σj) (3)
Vs = −
g2σqq
4π
mσ
[
1− 1
4
(mσ
m
)2] e−mσrij
mσrij
+
g2δqq
4π
mδ
[
1− 1
4
(mδ
m
)2] e−mδrij
mδrij
(τi · τj) (4)
Vv =
g2ωqq
4π
(
e−mωrij
rij
)
+
1
6
g2ρqq
4π
1
m2
(τi · τj) (σi · σj)
(
e−mρrij
rij
)
(5)
The OBE potential with finite size effect due to ex-
tended structure of the hadrons can be expressed as
[47]
Vα(rdb) = Vα(mα, rdb)− Fα2Vα(Λα1, rdb)
+Fα1Vα(Λα2, rdb) (6)
where α = π, η, σ, δ, ω and ρ mesons, while
Λα1 = Λα + ǫ and Λα2 = Λα − ǫ
Fα1 =
Λ2α1 −m2α
Λ2α2 − Λ2α1
and Fα2 =
Λ2α2 −m2α
Λ2α2 − Λ2α1
(7)
the subscript α tends for mesons (π, η, σ, δ, ω and ρ)
ǫ/Λα ≪ 1, thus ǫ=10 MeV is an appropriate choice [47].
The overall contribution form s-wave OBE is very
less due to its delicate cancellation of the individual one
meson exchange contribution with each other. Here, we
want to make two remarks on the overall contribution
(attraction/repulsion) of the s-wave OBE potential: (i)
its contribution is strongly related to the coupling con-
stant of the each individual meson exchange and (ii) it
is depends on the spin-isospin channels.
The masses of exchange mesons, coupling constant
and the regularization parameter(Λα) are tabulated in
Table-1. The estimates of the coupling constant are
given in the most of the realistic potentials [47,48,49]
which are developed to reproduce NN-phase shift data
and explain the deuteron properties. We have taken
them same as estimated in Refs. [47,48] and approx-
imated the meson-hadron coupling constant for other
hadronic molecular cases as
gαhh ≃ gαNN (8)
4Table 1 OBE potential parameters, this parameters are
taken from [47,48]
Mesons pi η σ a0(δ) ω ρ
g2
αNN
4pi
13.6 3 7.7823 ∗ 2.6713 20 0.85
Λα 1.3 1.5 2.0 2.0 1.5 1.3
Mass (in MeV) 134.9 548.8 710 983 782.6 775.4
(∗The
g2
σNN
4pi
for the σ-exchange given in the table is used for total isospin
IT=1. Whereas for IT=0,
g2
σNN
4pi
=16.2061 have been used.)
where gαhh and gαNN are the meson-hadron and meson-
nucleon coupling constants, respectively.
The strength of effective s-wave OBE is vary shal-
low due to very delicate cancellation of the individual
meson exchange with each other, therefore, we have in-
corporated the Yukawa-like screen potential to get addi-
tional strength for net effective di-hadronic interaction
potential. Screen Yukawa-like potential is incorporated,
namely
VY = −kmol
rij
e
−c2r2
ij
2 (9)
here, kmol is the residual running coupling constant
and c is a screen fitting parameter. kmol can be esti-
mated by using formula,
kmol(M
2) =
4π
(11− 2
3
nf )ln
M2+MB
2
Λ2
Q
(10)
where M=2md mb/ (md+mb), md and mb are con-
stituent masses, MB=1 GeV, ΛQ is taken 0.413 GeV
and 0.250 GeV for light and heavy mesons, respectively.
The term nf is number of flavour [56,57].
The net inter hadronic interaction potential Vhh is
given as
Vhh = VOBE + VY (11)
The masses, exchange meson coupling constant and Λα
are the fixed parameters and obtained from Refs. [58,
47,48], also tabulated in Table-1. The residual running
coupling constant kmol is calculated by using Eq.(10).
The color screening parameter ’c’ is the only free pa-
rameter of the model and we fitted it to get the exper-
imental value of binding energy of the deuteron.
For c=0.0686 GeV, we obtained the binding energy
of the deuteron. Hence, we took it as a constant and
have not changed for any further calculations of the
di-hadronic molecules.
The Hamiltonian of di-hadronic molecule express as
H =
√
P 2 +m2h1 +
√
P 2 +m2h2 + Vhh (12)
here, mh1 and mh2 are the masses of constituent and P
is the relative momentum of two hadrons while the Vhh
is the inter hadronic interaction potential.
Within variational approach, we use the hydrogenic
trial wave function to determine the expectation value
of the Hamiltonian, namely
Hψ = Eψ
and
〈K.E.〉 = 1
2
〈
rijdVhh
drij
〉
(13)
The variational parameter (µ) is determined for each
state by using the Virial theorem.
one should note that the pseudoscalar exchanges are
not allowed between two pseudoscalar systems due to
parity conservation, as three pseudoscalar at one ver-
tex do not conserved parity, while the parity is good
quantum number and well conserved in the strong in-
teraction. Therefore, in the case of KK and D0K±
dimesonic states, only σ, a0(or δ) and ω exchanges con-
tributes to OBE potential.
In the calculation of di-mesonic states, the mσ=750
MeV is taken for total isospin IT=0 and mσ=550 MeV
is taken for IT=1. For pseudoscalar-pseudoscalar states
f0(980), a0(980) and Ds0(2317)
±, only the σ, a0 (or δ),
and ω exchange contributes to net s-wave OBE poten-
tial, hence, only these meson exchange are considered.
The obtained mass spectra of di-mesonic states pre-
sented in the next section.
3 Results and Discussion
We have fixed the potential parameters to get experi-
mental binding energy of the deuteron and take all these
parameters same for rest of the calculation. The hadron
masses, exchange meson coupling constants, regulariza-
tion parameters are tabulated in Table-1. The screen
parameter ’c’ of the screen Yukawa-like potential is the
only free fitting parameter of the model which is also
fitted only for deuteron, and fixed for rest of the calcu-
lations.
For c=0.0686 GeV, we have obtained the calculated
binding energy (2.221 MeV) of the deuteron in agree-
ment with empirical value (2.224 MeV), see Table-3.
In Fig-1, the graphs of effective s-wave OBE poten-
tial are plotted for attempted di-mesonic states. We can
5Fig. 1 The characteristic behavior of effective s-wave OBE potential with range is shown in this figure. The graphs are plotted
for respective spin-isospin channels of attempted di-mesonic states
Table 2 This table represents some mesonic states which are predicted as di-mesonic molecules in the literatures. According
to respective dimesonic state, the threshold mass, reduce mass and natural energy scale of bound states are presented.
States Molecular Threshold Reduce Natural energy
interpretation mass mass (µ) scale(m2pi/2µ)
MeV MeV MeV
Deuteron pn 1877.84 469.45 19.40
f0(980) KK 995.228 248.80 36.61
a0(980) KK 995.228 248.80 36.61
f0(1500) ρρ 1550.98 387.74 23.49
f
′
2(1525) ρρ 1550.98 387.74 23.49
f0(1710) K∗K∗ 1791.88 447.97 20.33
X(3872) DD∗ 3871.84 966.65 09.42
X2(4013) D∗D∗ 4013.96 1003.49 09.07
Z(10610) BB∗ 10604.78 2651.1 03.43
Z(10650) B∗B∗ 10650.4 2662.2 03.42
Z(4430)+ D∗+D01 4431.58 1098.3 08.29
Ds0(2317)± D0K± 2358.53 390.34 23.33
Ds1(2460)± D∗0K± 2500.65 396.21 22.57
see from fig-1 that the s-wave OBE potential is repul-
sive at short range in all cases. The spin-isospin (S,I) =
(0,0), (0,1) and (1,0) channels are attractive. However,
the strength of these attractive s-wave OBE potential
with the respective spin-isospin channel are very shal-
low. Moreover, this attractive strength appeared at very
far range (between 5 fm to 10 fm). Therefore, although
there is an attractive strength of s-wave OBE poten-
tial, it is difficult to get a bound state with pure s-wave
OBE interaction. The strength of effective s-wave OBE
is vary shallow due to very delicate cancellation of the
individual meson exchange with each others. Hence, the
Yukawa-like screen potential is used to get additional
strength for net effective potential. As a consequence,
screen Yukawa-like potential shows large impact on the
net effective interaction potential, where this potential
is sensitive to the parameter ’c’.
The threshold mass, reduced mass and natural en-
ergy scale for molecular interpretation of attempted
dimesonic states are tabulated in Table-2. The calcu-
lated results of the di-mesonic states by using the effec-
tive interaction potential are tabulated in Table-3. The
6Table 3 The threshold of hadronic molecules as well as expected binding energy in comparison of receptive exotic states
are presented. The calculated binding energy, mass and root mean square radius with possible S-wave quantum numbers are
presented and compared with possible exotic states. All hadron masses are taken from PDG [58]
Candidate Molecular s-wave Threshold Exp. Expected This Work rms
interpretation I(JP ) mass mass B.E. B.E. mass
√
r2
MeV MeV MeV MeV MeV fm
Deuteron pn 0(1+) 1877.84 1875.6 -2.224 -2.221 1875.5 03.13
f0(980) KK 0(0+) 995.228 990 ± 20 -5.228 -6.154 989.07 02.11
a0(980) KK 1(0+) 995.228 980 ± 20 -15.228 -8.656 986.57 02.01
f0(1500) ρρ 0(0+) 1550.98 1505 ± 6 -45.98 -5.483 1545.5 03.05
f
′
2(1525) ρρ 0(2
+) 1550.98 1525 ± 5 -25.98 +0.003 1550.98 61.72
f0(1710) K∗K∗ 0(0+) 1791.88 1722 ± 5 -69.88 -6.853 1785.03 02.75
X(3872) DD∗ 0(1+) 3871.84 3871.68 ± 0.17 -0.160 -2.395 3869.4 03.04
X2(4013) D∗D∗ 0(2+) 4013.96 - - -3.862 4010.1 02.44
Z(10610) BB∗ 0(1+) 10604.78 10607.2 ± 2.0 +2.42 -2.295 10602.7 02.99
Z(10650) B∗B∗ 0(1+) 10650.4 10652.2 ± 1.5 +1.80 -2.288 10648.1 02.99
Z(4430)+ D∗+D01 0(0
−) 4431.58 4430 -1.580 -2.656 4425.6 03.01
Ds0(2317)± D0K± 0(0+) 2358.53 2318 ± 10 -40.53 -15.63 2342.9 01.75
Ds1(2460)± D∗0K± 0(1+) 2500.65 2459.6 ± 0.9 -41.05 -12.26 2488.3 02.08
Table 4 The scattering length as and effective range re are calculated for di-hadronic systems by using Eq.(1) for different
values of renormalization constant Z. The expected (experimental) binding energy is considered in the calculation, also shown
in Table-3. The values of as and re are in fm.
State Z=0 Z=0.2 Z=0.4 Z=0.5 Z=0.6 Z=0.9 Z=1
as re as re as re as re as re as re as re
Deuteron 5.78 1.46 5.3 0.38 4.7 -1.42 4.34 -2.86 3.93 -5.01 2.9 -15.81 1.46 -
f0(980) 4.13 0.26 3.7 -0.7 3.16 -2.32 2.84 -3.61 2.47 -5.54 1.55 -15.21 0.26 -
a0(980) 2.63 0.36 2.37 -0.21 2.06 -1.15 1.87 -1.91 1.65 -3.04 1.11 -8.71 0.36 -
f0(1500) 2.51 1.46 2.39 1.2 2.25 0.77 2.16 0.42 2.06 -0.11 1.81 -2.72 1.46 -
f2(1525) 2.85 1.46 2.7 1.11 2.5 0.54 2.39 0.07 2.26 -0.62 1.93 -4.1 1.46 -
f0(1710) 2.25 1.46 2.16 1.26 2.05 0.94 1.99 0.67 1.91 0.28 1.72 -1.69 1.46 -
X(3872) 12.68 1.46 11.44 -1.34 9.88 -6.02 8.94 -9.76 7.87 -15.37 5.2 -43.42 1.46 -
Z(10610)
1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46
-
- 1.7i 0.0i 1.5i + 0.4i - 1.3i + 1.1i - 1.1i + 1.7i - 0.9i + 2.6i - 0.5i + 6.9i 0.0i
Z(10650)
1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46
-
- 2.0i 0.0i 1.7i + 0.5i - 1.5i + 1.3i - 1.3i + 2.0i - 1.1i + 3.0i - 0.67i + 8.0i 0.0i
Z+(4430) 4.81 1.46 4.44 0.62 3.97 -0.77 3.69 -1.89 3.38 -3.56 2.58 -11.94 1.46 -
D±s0(2317) 1.37 0.26 1.25 -0.01 1.1 -0.48 1 -0.85 0.9 -1.4 0.63 -4.17 0.26 -
D±s1(2460) 2.56 1.46 2.43 1.19 2.28 0.73 2.19 0.37 2.09 -0.18 1.83 -2.91 1.46 -
results of the scattering length (as) and effective range
(re) are obtained by using Eq(1). By using the expected
binding, the results of as and re for the dimesonic states
depicted in Table-3 are shown in Table-4 while by using
the calculated binding energy, the results are shown in
Table-5.
We have used the positive binding energy (ǫ) for
the calculation of as and re, where the bound state is
located at ǫ = −ǫ. The range correction O(1/β), where
β is the inverse range of the force, is approximated as
1/mpi, where mpi is the mass of the π-meson which is
lightest exchange meson in s-wave OBE.While for those
systems, in which the pion exchange is not allowed, the
O(1/β) is approximated as 1/mσ, wheremσ is the mass
of the σ-meson.
The presented results in this article are discussed
on the basis of obtained binding energy compared to
expected binding energy, Low-energy Universality the-
orem [59], and natural energy scale of di-hadronic sys-
tems which could be estimated by m2pi/2µ, where µ is
the reduced mass of two hadrons [59].
Eric Braaten [59] explained the Low-energy Univer-
sality for X(3872) very near to the threshold and large
scattering length. Braaten was defined the Low-energy
Universality as: the low energy few-body observables
for non-relativistic particles with short-range interac-
7Table 5 The scattering length as and effective range re are calculated for di-mesonic systems by using Eq.(1) for different
values of renormalization constant Z. The values of as and re are in fm. The calculated binding energies are considered which
are tabulated in Table-3.
I(JP ) State Z=0 Z=0.2 Z=0.4 Z=0.5 Z=0.6 Z=0.9 Z=1
as re as re as re as re as re as re as re
0(1+) pn 5.78 1.46 5.3 0.38 4.7 -1.42 4.34 -2.86 3.93 -5.01 2.9 -15.81 1.46 -
0(0+) KK 3.83 0.26 3.43 -0.63 2.94 -2.11 2.64 -3.3 2.3 -5.09 0.91 -31.83 0.26 -
1(0+) KK 3.36 0.36 3.03 -0.39 2.61 -1.64 2.36 -2.65 2.08 -4.15 0.91 -26.68 0.36 -
0(0+) ρρ 4.49 1.46 4.15 0.71 3.73 -0.56 3.48 -1.56 3.19 -3.08 2.01 -25.77 1.46 -
0(2+) ρρ
1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46 1.46
-
-112.6i +0.0i -100.1i +28.1i -84.5i +75.1i -75.1i +112.6i -64.3i +169.0i - 20.4i +1014.1i +0.0i
0(0+) K∗K∗ 3.98 1.46 3.7 0.83 3.35 -0.22 3.14 -1.06 2.9 -2.32 1.92 -21.2 1.46 -
0(1+) DD∗ 4.36 1.46 4.04 0.74 3.64 -0.47 3.39 -1.44 3.12 -2.89 1.99 -24.63 1.46 -
0(2+) D∗D∗ 3.7 1.46 3.45 0.9 3.14 -0.03 2.96 -0.78 2.74 -1.9 1.87 -18.71 1.46 -
0(1+) BB∗ 3.25 1.46 3.05 1.01 2.8 0.27 2.65 -0.33 2.48 -1.22 1.79 -14.64 1.46 -
0(1+) B∗B∗ 3.25 1.46 3.05 1.02 2.8 0.27 2.65 -0.33 2.48 -1.22 1.79 -14.63 1.46 -
0(0−) D∗±D01 4.05 1.46 3.76 0.82 3.4 -0.26 3.18 -1.12 2.94 -2.41 1.93 -21.8 1.46 -
0(0+) D0K± 2.05 0.26 1.85 -0.18 1.6 -0.93 1.45 -1.52 1.28 -2.42 0.59 -15.81 0.26 -
0(1+) D∗0K± 2.26 0.26 2.04 -0.24 1.76 -1.07 1.6 -1.74 1.41 -2.74 0.63 -17.75 0.26 -
tions and a large scattering length have universal fea-
tures that are insensitive to the details of the mecha-
nism that generates the large scattering length. Thus, if
as > 0 then it predict a shallow two body bound state.
However, a shallow s-wave bound state leads to scatter-
ing length large compared to the natural length scale
1/mpi and it implies that the probability for molecular
interpretation increases as scattering length increases
[59]. Weinberg [51] pointed out that for any elementary
state, the value of as would be less than R = 1/
√
2µǫ
(size of the molecule) while re would be large and nega-
tive. Thus, for any composite system re should be small
and positive rather than large and negative.
Deuteron is the only known and strong candidate of
hadronic molecule whose experimental scattering length
is found large and positive which is well excepted on the
both theoretical and experimental foreground, whereas
the other possible candidates are still in debate. On the
other hand, the binding energy of deuteron is very small
(2.22 MeV) to the natural energy scale which is about
20 MeV. With the expected value of binding energy
(2.224 MeV) of the deuteron, the scattering length and
effective range are in agreement with experimental val-
ues (as=5.41 fm, re=1.75 fm) for Z = 0 or 0.1, whereas
effective range (re) gains negative value from Z>0.3 and
become large as Z → 1. As mentioned by Weinberg, for
Z→0 the state is bringing the composite structure and
the experimental values of as and re are matched for the
Z≃0 which indicate that the deuteron is in a composite
state.
For state f0(980), the calculated binding energy is in
agreement with the expected binding energy, whereas
for the state a0(980) calculated binding energy is under-
estimated. In both cases only the σ, a0, and ω exchange
contributes to net s-wave OBE potential and thus only
these meson exchange are considered. The deep binding
energy is leading to the large scattering length. The nat-
ural energy scale for the states f0(980) and a0(980) is
about 36 MeV if they have KK in their internal struc-
ture. Both the expected as well as calculated binding
energy are very small from natural energy scale which
leading the probability of the deuteron-like structure.
The state f
′
2(1525) is found unbound or almost on
threshold with +0.003MeV binding energy in the present
calculation. If f
′
2(1525) has ρρ in its internal struc-
ture then the natural energy scale gets about 25 MeV,
whereas the expected binding energy is very close to
its natural energy scale, thus, with this deep binding
f
′
2(1525) gain large positive scattering length and effec-
tive range from Z=0 to Z=0.5.
For the states f0(1500) and f0(1710), the natural en-
ergy scale are about 25 MeV and 20 MeV, if they have
ρρ and K∗K∗ in their substructure, respectively. How-
ever, the expected binding energy for both states are
well above the natural energy scale, see Table-3. Def-
initely, the deep binding lead positive effective range,
but these binding energies are above the natural en-
ergy scale of the molecular interpretation and thus it is
indicating the some other substructure for these states.
The state X(3872) is good example of very near
threshold structure. The state X(3872) have been ex-
tensively studied asDD∗(DD∗) molecule and it is lying
just below the DD∗ threshold. The binding energy of
the X(3872) (0.16 MeV) is very small from its natural
energy scale which is about 10 MeV if it consist DD∗ in
its internal structure. With the expected binding energy
8(0.16 MeV) of the state, one get the large positive value
of as but negative re from Z>0.2, see Table-4. Hence, if
X(3872) is have a dominated or a pure molecular struc-
ture then the value of Z must be less than 0.2, while
with the calculated binding energy which is overesti-
mated from experimental value, re becomes negative
for Z>0.3.
The state Z(4430)+ for which the expected binding
energy is (1.58 MeV) tends to as=4.8 fm and re =1.4 fm
for Z=0 (pure molecule) while re becomes negative and
large for Z>0.3, whereas with the calculated binding en-
ergy re is getting negative from Z>0.3. Guo-Zhan Meng
in [26] has studied low energy scattering of D∗ and D1
meson using quenched lattice QCD and reported scat-
tering length as=2.52 fm and effective range re=0.7 fm
in JP = 0− channel. The small and positive effective
range is lead to molecular interpretation of the state
Z(4430)+ composed of D∗D1.
For the state Ds0(2317)
± and Ds1(2460)
± calcu-
lated binding energies are underestimated compared
with expected binding energies. In the case ofDs0(2317)
±,
the σ, a0, and ω exchange contributes to net s-wave
OBE potential, thus, only these meson exchange are
considered. The range correction O(1/β) is considered
as m−1σ . The natural energy scale for both states are
near 25 MeV and the expected binding energies of both
states are well above the natural energy scale. How-
ever, the deep expected binding energies leads positive
scattering length. In the case of Ds0(2317)
± the effec-
tive range get negative value from Z=0.2 while in the
case of Ds1(2460)
± effective range get negative value
for Z>0.5.
In Ref. [61,62], authors studied the lattice QCD sim-
ulation for theDs0(2317)
± near to DK threshold and re-
ported the scattering length and effective range 1.33±
0.20 fm and 0.27± 0.17 fm, respectively, at pion mass,
mpi = 156MeV . Whereas, the Weinberg compositeness
theorem predicts as = 1.37 fm and re = 0.26 fm for
purely molecular state (Z=0) (where the inverse ρ mass
was assumed for the range of the forces and same is as-
sumed in present work). The same comparable results
were reported in ref. [27] by using unitarrized chiral
perturbation theory. Both of the studies [61,27] were
predicted Ds0(2317)
± as a DK molecule.
4 Summary and Conclusion
In summary, we have attempted two interesting chal-
lenges of the hadronic molecular model (i) inter hadronic
interaction within hadronic molecule (ii) identification
of the hadronic molecules.
It is well known that hadronic molecules should be
near to s-wave threshold. Therefor, we have incorpo-
rated the s-wave one boson exchange interaction po-
tential. we have observed that the attractive strength
of s-wave OBE potential is very shallow. Therefor, the
screen Yukawa-like potential used along with OBE po-
tential to get additional attractive strength. We have
successfully generated the mass spectra of di-mesonic
states where the model parameters have been fixed for
deuteron.
We have discussed the compositeness theorem which
provides the observables for identification of the hadronic
molecules in terms of scattering length and effective
range.
In order to determine the nature of the state, the
values of scattering length (as) and effective range (re)
obtained by using compositeness theorem (Eq.(1)) and
presented in Table-4, 5 are became to be useful only if
one have data of as and re by some other means for
comparison, i.e. either from experiment or from lattice
QCD. Such effort can be attempted in lattice QCD by
using the Lu¨scher formalism [63,64]. In Lu¨scher formal-
ism, measuring the low-energy scattering observables in
lattice QCD, we can extract the comositeness by using
Eq(1) ( also see for review [6]). Some efforts have been
made in Refs.[65,66,67,68]. In Ref. [68], authors pro-
posed that the scattering amplitude in the finite volume
can be obtained from the corresponding loop function
and mentioned that the use of partially twisted bound-
ary conditions is easier than studying the volume de-
pendence in lattice for measuring the compositeness.
Indeed, it is necessary to get access to the scattering
length and the effective range by some other tools like
lattice QCD data or experimental data to get some im-
prints about the nature of the state by using the results
presented in this study.
From these analysis, with the calculated results of
the present formalism, the states pn bound state, f0(980),
a0(980), X(3872), Z(4430)
+ are appeared as the strong
hadronic molecular candidates. Exceptionally, the state
X(3872) is needed very fine tuning of parameters to get
empirical binding energy. Therefor, the state X(3872)
has seemed to driven dominant molecular structure rather
a pure molecule, similar results was found in our pre-
vious study [69]. Moreover, we have predicted spin-2
charm partner of X(3872) as a X2c(4013). The charged
bottomonium like states Z(10610) and Z(10650) have
not identified as BB∗ and B∗B∗ hadronic molecules,
respectively as they are just above the threshold. But
we have found bound states of BB∗ and B∗B∗. In con-
trast to these Z states, the states f0(1500) and f0(1710)
have needed very deep binding which has fall out of the
natural energy scale of the shallow bound state inter-
pretation. However, decay results for the f0(1710) in
our previous study [38] has favored the molecular struc-
9ture to f0(1710). But in overall scenario, we have not
reach on any conclusion regarding the substructure of
f0(1500), f0(1710).
In conclusion, we strongly suggest that there must
be dipole like interaction between two color neutral
states, as in the present study we have found the dom-
inance of the Yukawa screen-like potential over the s-
wave OBE. This type of interaction could explore the
certain decays of the particles in which the stability of
the molecule will be given by the shorter lived com-
ponent. To determine whether all these states have a
molecular or a confined structure or something else, we
need a reasonable estimates of scattering length and ef-
fective range from experimental and lattice QCD data,
to reach on a strong conclusion for the identification of
substructure of all these states.
The aim of the present article is to explore the in-
teraction between two hadrons and their identification
as a molecule. With our proposed interaction, we have
found di-mesonic bound state in attractive spin-isospin
channels with dominating screen type interaction. With
same model, the results of mass spectra of meson-baryon
and di-baryonic molecules along with detail analysis
of meson exchange potential will present in succeeding
publication.
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